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0. Introduction 
The Weil algebra homomorphism 

w = ®w n : ® n S n {Q{CY) G{c) -> @ n H% R (BG{C)) 

assigns a de Rham cohomology class of the classifying space BG(C) to a G(C) 
invariant polynomial on the dual 0(C)* of the Lie algebra associated to the 
C- valued points of an algebraic group G (see P0| , Chapter XII). 

In the unpublished note Beilinson and Kazhdan give an algebraic de- 
scription of w as an iterated Atiyah extension (see [0]). 

Let p : £ — > X be a (simplicial) principal G bundle on the (simplicial) 
smooth algebraic variety X over a ring k of characteristic zero. The exact 
sequence 

0->p*fi^->fii ->fii /JC ->0 
of regular one forms induces the Atiyah extension 
(0.0.1) o^q^^q^^q^o 
where 

^x,s = Mf, de = (P^l/xf = £*gQ*- 
Here G acts via the adjoint representation on q*. 

For example, if G = GL(r), and E = £ x G k r , the corresponding bundle of 
/c-modules k r , then = End E, the endomorphisms of E. 

Then p.0. 1| induces a n-extension 

_> p- _> A«Q^ £ _> A"" 1 ^, ® * - . . . 

-> A™^^ ® S^flf ->...-> S n g£ -> 
which defines a connecting homomorphism 

(o.o.2) #°(x, s n |) -> # n (x, nj). 

Evaluated on X = BG = (G e+1 /G)g, the Z-simplicial scheme classifying G- 
principal bundles, and £ = (G e+1 )i, the universal G-principal bundle, one has 



H°(BG, S n Q* £ ) = S n (Q*f, 
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and, if G is reductive, the natural maps 

M 2n (BG(L), fife) - H n (BG(L),n n BG ) 
M 2n (BG(L),^ BG ) -> H 2 "(i?G(L),^ G ) = H% R {BG{L)) 
are isomorphisms for any algebraically closed field L of characteristic 0. The 



Weil homomorphism w n is just the connecting homomorphism |0.0.2|, where 
one identifies the right hand side with the de Rham cohomology via those two 
isomorphisms. 

Chern-Weil theory assigns to a C°° manifold X and a bundle E of rank r 
with a connection V, a morphism 

[V]* : © n S»(fl(C)*) - © n tf°(X,^ cl ), 

where is the sheaf of C°° forms of degree i containing the sheaf cl of 
closed forms, and G = GL(r), such that 

[V]*(P) = P(V 2 ,... ,V 2 ) 

is a closed form, the de Rham class of which is [E]*(w(P)). Here 

[E\* : ® n H% R {BG) - ffi^ K (I) 

is the map induced by 

The theory of secondary classes of Chern-Simons and Cheeger-Simons is a 
factorization of [V]*. In a spirit closed to the algebraic definition of w, they 
both have an algebraic incarnation. The purpose of this survey is to describe 



it. For the analytic side of the theory, we refer to |L6| and p8 



1. Chern- Simons theory 

1.1. Classical theory. JTIJ 

Given a C°° manifold X, a bundle E of rank r, a connection V, P G 
S n (g(C)*) G ( c \ G = GL(r), Chern and Simons consider the principal G bundle 

p : £ ^X 

together with the canonical trivialization p*E = (BiO^. In this canonical 
basis, p*V becomes a r x r matrix A of one forms, with curvature F(A). They 
define 

TP{A) =n [ P{A, F{t A), ... , Fit A) )dt e H°(£, fi 2n " lN 
Jo v v ' 

(n— 1) times 

a functorial solution to the equation 

d? = P(F(A),...,F(A)). 

In order to define classes of (E, V) (or equivalently of the local system E^) on 
X, and not only on £ , which of course depends on E, they assume V 2 = 0. In 
this case, TP [A) defines a class [TP(A)} in H 2 ^- x {£). Assuming further that 
P has Z-periods, that is 

P G Ker (S n (e(Cyf (C) - ff&(£K7(C),C/Z(n)), 
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where Z(n) = (27rz) n Z, then the restriction of [TP (A)] to any C°° section of p 
is a well defined class 

TP(V) e H^iXX/Hn)). 

We denote it simply by Tc n (V) if P is the polynomial defining the n-th Chern 
class. 

1.2. Algebraic Theory. Let X be a smooth algebraic variety over a field 
k of characteristic 0, (E, V) be a bundle of rank r with a connection, P G 
^(^(A;)*) ^, G = GL{r). Given on a Zariski open set U C X a local trivial- 
ization of £7, V becomes a r x r matrix of one forms 

A G H°(U,M(r x r,tt 1 )), 

and one can define 

TP(A) G H Q (U^ 2n - 1 ) 

as before with 

dTP(A) = P(V 2 , . . . , V 2 ) G P°(X, ft 2 ™). 

The point is that if g G H°(U, GL(r, O)) is a gauge transformation, then 

TP(A)-TP(g- 1 dg + g- 1 Ag) 

is locally exact for n > 2, and thus viewed as a class in H°(X, Q 271 " 1 / dQ 2n ~ 2 ) , 
or in the subgroup H^X.H 2 ^ 1 ) C P°(X, ft 2 ™" 1 /^ 2 ™- 2 ) if V 2 = 0, with 
ft^ 1 - 1 = ft^/dft 2 *- 2 , it depends only on V. We denote it by 

TP(V) G // (X,ft 2n -Vrfft 2n - 2 ) 

for n > 2. (In @, it is denoted by w n (E, V,P)). If P is the polynomial 
defining the n-th Chern class, we simply denote it by Tc„(V). . 

Due to the Bloch-Ogus theory ||, the restriction maps to the generic point 
are injective: 

h°(x, n 2n -'/dn 2n - 2 ) c n 2 k ^/dn 2 k n { - 2 

for n > 2. 

Thus TP(V) is recognized at the generic point of X. One asks what kind 
of algebraic class of E it controls. 

To this aim, one first shows that TP(V) in fact lies in a subgroup 

£0,2n-i c H°(x,n 2n ~ l /dn 2n - 2 ) 

arising from the coniveau spectral sequence. When k is algebraically closed, 
the group E^ 2n ~ l maps to the group 

„ TT „ ,,_ s / {©ZZ, Z prime cycle of codimension nj 
CHl DR (X) = i J ^ * 

where Z if there is a divisor containing the support of Z such that 
the class of Z in H^ l RW (X), the de Rham cohomology of X with supports 
along W, vanishes. Clearly, CH™ DR (X) is a quotient of the Chow group with 
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^-coefficients CH n (X)®zk, and for n — 2, it coincides with the Griffiths group 
®k. 

We denote by cp(E) the class of E associated to P in CH n (X) ®^ k. 

Proposition 1.2.1. (see 0, Proposition 5.4-1) Let k be an algebraically closed 
field of characteristic 0. The image of'TP(V) in CH™ DR (X) equals the image 
ofcp(E). 

[Strictly speaking, the proof in loc. cit. assumes k = C, V 2 = 0, and deals 
with 

n . \@7LZ, Z prime cycle of co dimension n} 

~Betti 

where Z ~Betti if there is a divisor W containing the support of Z such that 
the class of Z in H B ^ ttiW (X,Z(n)), the Betti cohomology of X with supports 
along W, vanishes. Then CH™ Betti (X) is a quotient of CH n (X). 

It is straightforward to generalize. First, the sequence (5.4.3) of loc. cit. 
has an obvious de Rham version. Then one has that 

T Cn (v) g im H n (x, Kn ft n -> . . . -.- ft 2 ™- 1 ) 

-±+h°(x, ft 2n ~7dft 2n - 2 ) 

(||17||, section 2.2). The map d factors through 

H n (X, 0^0^ Q n+1 /dQ n -> ft n+2 -►...-> ft 2 ™" 1 ) 

and 

£0,2n-l = j m jjn^ 0-^0^ tt n+1 /dtt n -> ft™+ 2 -►...-> ft 2 ™" 1 ) 

-> H G {x,n 2n - x /dtf n - 2 ). 

Finally, to prove that the image of TP(V) in CH™ DR (X) is the correct one, 
one replaces loc. cit. (5.4.5) by the exact sequence 



-> (0 -f ttydW 1 - 1 -> ft n+1 ft 2n " 2 



ci ; 

n— 1 /-»n+l <~\2n— 1^ 



-> (/c n -> n n /dn n ~ L -> ft n+i -> . . . -> ft 2 

-> /C n © ft 2n -Vc/ft 2n ~ 2 [-n] -> o. 

Here and in section 2, /C n is the Zariski sheaf 

Im (/Cf - i W ^f (*(*))) 

where z&m : Spec — > X is the inclusion of the generic point and Kff is 
the Milnor if-theory.] 

The main theorem is now 

Theorem 1.2.2. (see ; Theorem 5.6.2) Let X be projective smooth overC, 

P e Ker (S n ( (C)*) G(c) -> # 2n (5G(C),C/R(n))), 

n > 2, and Zet (i?, V) 6e a flat bundle on X . Then TP(V) = if and only if 
the image of cp(E) in CH™ Bctti (X) ®zR vanishes. 
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1.3. Question. When V is not flat, there are many examples of non-vanishing 
TP(V) classes. However, when V is flat, we don't know any (n > 2). 

This raises the question of whether TP(V) always vanishes under the as- 
sumption of Theorem pL . 2 . 2| . It is related to a question arising from Nori's work 
(|24|j, Introduction), often called Nori's conjecture: if 

Z G Ker (CH 2 (X) -> H%,(X, 



where X is projective smooth over C, and H^,(b) is the Deligne cohomology, 
is Z <S> Q algebraically equivalent to 0? 

Since for n = 2, ~Betti is the algebraic equivalence, a generalization of Nori's 
question to any codimension n is: if 

Z G Ker (CH n (X) - H^{X,Q(n))), 

where X is projective smooth over C, does the image of Z in CH™ Betti (X) Cg)Q 
vanish? 

Reznikov's theorem [25| asserts that if X is projective smooth over C and 
E is flat on X, then 

c n (E) G Ker (CH n (X) - H%{X,Q(n))) 

for n > 2. In view of this and of [L.2.2| , the question for Z = c n (E), E flat, is 
equivalent to the question of the vanishing of Tc n (V) for any flat structure V 
on E. 



2. Cheeger-Simons theory 

2.1. Classical theory: differential characters. [pTTJ] 

Chern-Weil theory provides an invariant P(V 2 , . . . ,V 2 ) G H°(X, f^ cl ) 
when V 2 7^ and Chern-Simons theory an invariant TP(V) G P 2n_1 (X, C/Z(n)) 
when V 2 = and P has Z-periods. Chern-Simons theory defines invariants for 
(E, V) combining the two. To this aim, Chern and Simons define the ancestor 
of Deligne cohomology, the group of differential characters 

H 2n {X) = M 2n (X, Z(n) -> Coo -> • • • -> 

which is an extension of 

Ker (^ (X,^ cl ) - P 2 "(X,C/Z(n))) 

with if 2n_1 (X, C/Z(n)). (The notation differs from theirs, as well as the hy- 
percohomology presentation). 

This group is functorial, and there is a natural ring structure on ® n H 2n (X). 
For P with Z-periods, they define dp G H 2n (X), by saying that in bounded 
rank and dimension, there is a classifying space for bundles with connection. 
Since a C°° bundle always carries a C°° connection, this space also classifies 
bundles and thus has no odd dimensional cohomology. This implies that on this 
space, the differential characters inject into closed differential forms. Chern- 
Weil theory provides then the classes of the universal connection. 
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2.2. Algebraic theory: algebraic differential characters. 

Let X be a smooth algebraic variety defined over a field k of characteristic 
0. One defines the group of algebraic differential characters by 

AD n (x) ■= H n (x, ic n -^h n n ^...^ n 2n - x ), 



an extension of 

Ker (i,»(A^r) - 



>«) 

Im CH n {X) 



by 



H n (X, n°°)C n ) := M n (X, K n n n -> . . . -> ft dimX ) 



This group is functorial, and AD(Jf) = © n AD n (X) has a natural ring struc- 
ture. Over k = C, it maps to H 2n (X), compatibly with the extension. In 
general, it also maps to CH n (X) and ft 2 ™" 1 /^ 2 ™- 2 ) for n > 2. For 

n = 1, AD 1 (X) is the group of isomorphism classes of (E, V), where is 
a rank 1 bundle and V is a connection, and AD 1 (X) — > H°(X, f2 2 j) is the 
curvature map. 

Theorem 2.2.1. [JXTJ There are functorial classes c n (E, V) G AD n (X) ; suc/i 
i/iai Ci(S, V) i/ie c/ass o/(det -E, det V) m AD^X), swc/i i/iat c n (.E, V) Zi/ts 
c n (£) G CH n (X), Tc n (V) G i/°(X,fi 2n -V^ 2n - 2 ) /orn> 2 ; and c n (E, V) G 
H 2n (X) if k — C Those classes verify the Whitney product formula. 

Classically, there are two ways of constructing classes of vector bundles in a 
cohomology theory: via the splitting principle, knowing ci(0(l)), where 0(1) 
is the tautological bundle on the projective bundle n : P = P(£J) — > X to 
and knowing the freeness of the cohomology of P as a module over the 
cohomology of X. Or via the (simplicial) classifying space BG, and defining 
classes of the universal (simplicial) bundle EG. For connections, AD(F) is not 
a free module over AD(X), 0(1) does not have a connection, nor does EG 
have an algebraic connection. 

Nonetheless, one can define the classes Cn(E, V) via a modified splitting 
principle and via a universal construction as well. 

For the splitting principle, one has to consider connections with values in 
a differential graded algebra. This leads to a definition of general groups of 
algebraic differential characters fulfilling the splitting principle, and thereby 
the unicity of the classes of Theorem |1.2.2| . As an illustration, let us explain 



the objects for n = 2. V defines a splitting 

t : 

of the exact sequence of forms such that to V is compatible with 7r*E — > 0(1). 
Thus it defines a class 

£ = (0(1), t o V) G H X (P, £x tt^LJ. 

One observes that with respect to the splitting r, one has 

d(fip/x) C fip/x © ^p/x © ?r*^x © fip/x © vr*n x . 
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In particular, the complex 

d log f2jp d * o3 
^2 ► 7^2 * n [l X 

is well defined. With respect to a natural product U, its cohomology equals 



AD 2 (X) © AD\X) U f (see 0, section 2). 

For the universal construction, one first constructs a cohomology associated 
to a smooth (simplicial) algebraic variety X and a (simplicial) vector bundle 
E, which depends on E, such that its value on (BG,EG) is "tautological", 
and such that a connection V in E maps this cohomology to AD n (X). 

In the analytic context, Beilinson und Kazhdan ([Q) developed this pro- 
cedure to recover the Cheeger- Simons classes in H 2n (X). They construct an 
analytic cohomology associated to X and E, which maps to H 2n (X) via a 
connection in V on ]?. The main ingredient, which they construct and which 
we use in our algebraization of their construction, is the following filtered dif- 
ferential graded algebra. 



Let p : £ —>■ X be the principal G bundle to E, and Q X s as ^ n 0-0-2 - 
Then 

O" — fn , O a ' b 

ic X,£ ~ k &a+b=n* L x,S 

Qf £ = A a - b Q X£ <8) S 6 g* 

There is a natural differential fi^ — > extending the Kahler differential, 
and the natural injection 

is a filtered quasi-isomorphism. A connection V is equivalent to an inverse 
quasi-isomorphism 

[V] : n- Xj£ - ^ 
and the integrability condition is equivalent to 



>n 



The Weil homomorphism can be understood as a map 

S n (gf ^ F n n x>g [2n\ 
and the tautological cohomology needed is 

H"(X,cone (Kn © S n ( Q *f[-n) d '° g & ~ Wn > 



(|T7|, section 3). 
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2.3. Questions. 

1. Since there are flat bundles (E, V) such that c n {E) ^ in CH n (X) ® Z Q, 
for example E = © r Lj, Lj e Pic°X, X abelian variety (@), there are 
classes c n (E, V) which are not vanishing for flat bundles. The question 
is what is the coniveau of those classes, that is the largest codimension a 
such that a codimension a subvariety Z <Z X exists with c n (E, V) \X—Z = 
0. This question is related to the vanishing of Tc n (V) in section 1. 

2. The group AD n (X) mixes /C-cohomology with cohomology of differential 
forms. It would be more powerful to mix /C-cohomology with something 
related to Betti or etale cohomology. This probably would solve the 
question on the vanishing of Tc n (V). 



3. RlEMANN-ROCH THEOREMS 

Let / : X — > S be a projective smooth morphism of relative dimension d 
over an algebraically closed field k of characteristic 0, with S and X smooth. 
Mumford f23| observed that if d = 1, then 

(3.0.1) Cni^MQ'^s)) = in CH n (S) ® z Q, 

applying the Grothendieck-Riemann-Roch theorem to the single sheaves of the 
relative de Rham complex Q* x /s- ^ ne same argument shows 

(3.0.2) Cn^i-iy&Wxjg® E,V X /s)) = 

i 

(-l) d Mc d (n x/s ) ■ c n (E)) in CH n {S) ® z Q, 

if E is a bundle on X, endowed with a flat relative connection Vx/s- If Vx/s 
comes from a flat global connection V, the GauB-Manin bundles 

R i m x/S ®E) 

carry the GauB-Manin connection GM(V). 

If k = C, the work of Bismut-Lott Q and Bismut [g] shows that |3.0.2| is 
true in ,ff 2n (X) ® Q: 

(3.0.3) c n (^(-in J R7*(^x/s®^Vx/s),GM(V)]) = 



(-l) d Mc d (Q x/s ) ■ c n (E, V)) in H 2n (X) ® Q. 

For n = 1, there is an analogy with the situation where 5 is a finite field F 9 , 
V) is a local system V. Then the work of Deligne |12|, Jl3|, and subsequent 
work by Laumon plf , S. Saito p^| , T. Saito p7| , show that |3.0.3| for n = 1 
remains true: 



(3.0.4) 



det ^(-l) J ^ t (X,\/) = (-l) d det ^|c d (^; 



as Frobenius-modules over ¥ q . 



ALGEBRAIC THEORY OF CHARACTERISTIC CLASSES 



9 



Both |3.0.3| and |3.0.4| involve classes of the local system. The classes Tc n (V) 
and c n (E, V) reflect also the choice of the algebraic structure E. One shows 



Theorem 3.0.1. 

a) 



c 1 (Y,(-mR l f^'x/s ® E, Vx/s), GM(V))) 



:-l)^( Q (^ /s )- Cl (E,V)) m AD\S) 



b) 



Tc n (J2(-mR i m'x/s ® Vx/s), GM(V)]) = 

i 

(-l) d /,(c d (fi x/s )-Tc n (E,V)) m if (S,^ 



2n-l> 



if n>2. 



More generally, Theorem |3.0.1| remains true if one replaces V by a flat 
connection with logarithmic poles along a relative normal crossing divisor Y = 
{J { Yi, c diS^x/s) by the relative top Chern class 



c d (O x/5 (log F),resyJ G H d (X,/C d 



XtiYi-Yj -...) 



as defined by T. Saito in [gj, using the existence of the residue maps res^ : 
fi x ^ 5 (logF) — > Oy i7 and the classes c n (.E, V), Tc n (V) by the corresponding 
classes involving logartihmic poles, which we haven't discussed here at all. 

The introduction of logarithmic poles is necessary in order to have suffi- 
ciently many bundles with connections with the help of which one can reduce 
the problem to curves as in [21], [EB , [27 



is 



Another generalization of Theorem p. 0.1 

Theorem 3.0.2. || Under the assumptions 

(i) S = Spec K, K function field over k and 

(ii) V 2 G H°(X, f*n 2 s <g> End E), 



one has the same conclusion as in Theorem 3.0.1 



Note that the assumption (ii) of |3.0.2j allows to define GauB-Manin connec- 
tions on S. Under the weaker assumption V x ^ s = 0, no natural connection is 
defined on ® E, Vx/s)- However one has 

Theorem 3.0.3. || Under the assumptions \3. 0. ^ (i) and d = 1 (thus (ii) is 
automatically fulfilled), there is a naturally defined connection on 

i=2 



det(^(-l) J J R7*(^x/s ® E, Vx/s))- 



8=0 



With respect to this connection, the conclusion of Theorem \3. 0. 1\ , a) holds true. 
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In AD n (S) ®i Q, one obtains the Riemann-Roch formula in the very trivial 
case X = Y x S, f = projection, by deforming the relative de Rham co- 
homology to some relative Higgs cohomology, and keeping the GauB-Manin 
connection 



3.1. Remarks and Questions. 

1) Mumford's observation |3.0.1| generalizes to 

c^UQTx/s) = in CH n (S) ®j 



as computed by van der Geer ||19|| , applying the Grothendieck- Riemann- 
Roch theorem to powers of a principal polarization of the corresponding 
family of abelian varieties. Then |3.0.2j implies 

c n (R 2 f*Q x/s ) = in CH n (S)® z Q 

for a family of smooth projective surfaces as well. Does one have 

c n (I?f.Qr x/s ) = in CH n (S) ® z Q 

for a smooth projective family over a smooth base SI 

The contribution of the singularities of / at infinity is difficult to under- 
stand. Mumford |23[] shows actually that the GauB-Manin bundle with 
logarithmic singularities of a semi-stable curve has torsion Chern classes 
in the Chow group. In general, even the analytic statement in Deligne 



cohomology is not understood (see |16| , 3.6 Questions). 



2) Deligne 0] gave a proof of |3. 0.4] for d = 1, rank V = 1 using the geometry 
of the abelian variety Pic°X. In view of the shape of the Riemann-Roch 
formula, containing the expression Cd(fi x / S ), it would be natural to try 
to understand it using the geometry of the moduli of Higgs bundles, 
Hitchin's map and Higgs cohomology. 

3) GauB-Manin bundles, when V 2 = 0, are direct images of special holo- 
nomic P-modules with regular singularities under special projective mor- 
phisms. A general Riemann-Roch formula would require a Chern-Simons 
and Cheeger-Simons theory for P-modules, the algebraic cycle part of 
which should be given by p2| . 



3.2. Acknowledgements: B. Angeniol taught me the meaning of Atiyah 
classes ([0, Introduction), before he left mathematics. I'd like to thank him 
again for the discussions we have had at that time. A large part of the ideas 
exposed loosely in this survey go back to joint work with S. Bloch. It is my 
pleasure to thank him for his generosity and the joy of the mathematical ex- 
changes. My first understanding of de Rham complexes goes back to joint 
work with E. Viehweg. It influenced later my work on classes. I thank him for 
his constant support. 
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